An extension of the QSQH theory is proposed. It takes into account the fluctuations of the large-scale component of the wall friction. The extended theory applies to all three velocity components of near-wall turbulent flows. It explains the large sensitivity of the fluctuations of longitudinal and spanwise velocities to variations in the Reynolds number in comparison with the sensitivity of the mean velocity profile, the Reynolds stress, and the wall-normal velocity fluctuations. The analysis shows that the variation of the longitudinal velocity fluctuations with the Reynolds number is dominated by the variation of the amplitude and wall-normal-scale modulation of the universal mean velocity profile by the outer, large-scale, Reynolds-number-dependent motions. The variation of spanwise velocity fluctuations is dominated by the fluctuations of the direction of the large-scale component of the wall friction. The Reynolds number dependence of the other second moments is not dominated by these mechanisms because the mean wall-normal velocity and the mean spanwise velocity are zero. In particular, for a plane channel flow at the friction Reynolds number in the range of a few thousands the effect of the variation of the mean pressure gradient with the Reynolds number is stronger than the QSQH mechanisms as far as the variation of the Reynolds stress is concerned. The paper also covers the approximate nature of the QSQH theory and the advantages of using the units and variables of the QSQH theory instead of the wall units when the effect of large-scale motions on the near-wall turbulence is relevant.
Introduction
The modern understanding of near-wall turbulence has been largely built on the basis of the classical universality hypothesis, according to which as the Reynolds number, Re, tends to infinity, the characteristics of the near-wall part of a turbulent boundary layer, if expressed in wall units, become independent of Re and other factors such as the pressure gradient. However, research in the last two decades has shown that this hypothesis is at least inaccurate. High-Re turbulent near-wall flows exhibit two peaks in the turbulent kinetic energy profile (see e.g. Smits et al. 2011 ). The first peak is located in the buffer layer, while the distance from the wall to the second, "outer", peak varies with Re. The outer peak is caused by turbulent fluctuations at characteristic length scales that are significantly larger than those causing the inner peak (Hutchins & Marusic 2007) . These outer large-scale motions and the inner small-scale motions located in the near-wall region interact (Rao et al. 1971; Mathis et al. 2009; Ganapathisubramani et al. 2012) . Marusic et al. (2010) proposed the widely known empirical relation describing this interaction.
Since the large-scale motions are not Re-independent if expressed in wall-units, the scale interaction invalidates the classical universality hypothesis. The recently developed † Email address for correspondence: s.chernyshenko@imperial.ac.uk arXiv:2002.05585v1 [physics.flu-dyn] 13 Feb 2020
Quasi-Steady-Quasi-Homogeneous (QSQH) theory (Chernyshenko et al. 2012; Zhang & Chernyshenko 2016; Chernyshenko et al. 2019 ) remedies this. In essence, the QSQH hypothesis states that the small-scale near-wall motions adapt to the large-scale fluctuations of the wall shear stress.
Results agreeing to various degree with the QSQH theory were obtained in (Chernyshenko et al. 2012; Agostini & Leschziner 2014 Zhang & Chernyshenko 2016; Baars et al. 2016 Baars et al. , 2017 Agostini et al. 2017; Howland & Yang 2018; Chernyshenko et al. 2019; Agostini & Leschziner 2019a; Lozier et al. 2019) . The theory was performed better for higher Re and smaller distances to the wall. In most cases, significant deviations occurred only for y + > 70 wall units. Agostini & Leschziner (2019b) attempted to extend the QSQH theory stated originally for the longitudinal velocity only, to the spanwise and wall-normal velocity components, and found that while for the wall distance y + < 70 the behaviour of the longitudinal, u, and wall-normal, v, velocity components was in approximate agreement with their extension of the QSQH theory, the behaviour of the spanwise velocity component w was in a noticeable disagreement even in the close vicinity of the wall. They attributed this discrepancy to the effect of the wall-normal component of the large-scale motions, but also mentioned that taking into account that the wall friction is a vector, as suggested by Zhang & Chernyshenko (2016) , might improve the performance of the theory. The observed discrepancy is intriguing because velocity components are related by the continuity equation and, at a first glance, an agreement in two components should lead to an agreement in the third component.
Research involving comparisons for all three velocity components is likely to be continuing. It is therefore timely to provide the formulation of the QSQH theory taking into account the fluctuation of the direction of the large-scale wall friction. This is the main goal of the present paper. First results within the extended theory and a brief discussion will also be presented.
Extension of the QSQH theory to all velocity components
We assume that there is a suitable definition of large scales and small scales. Let the wall friction be represented as a sum of the large-scale and small-scale components:
If the large-scale component τ * L were independent of time, while the small-scale component had zero time average, one could use wall units based on τ * L , which would coincide with the time-averaged wall friction, and expect that near the wall the flow statistics expressed in wall units would be (approximately) independent of Re and other factors, including τ * L . The QSQH theory assumes that the same remains true even when τ * L is dependent on time and the wall-parallel coordinates. Physical meaning of this hypothesis is therefore that the near-wall flow adjusts to the large-scale wall friction as if it were constant in time and homogeneous in space.
In the rest of the paper all quantities will be made non-dimensional using the kinematic viscosity ν * and the average magnitude of the large-scale friction velocity u * τ L = |τ * L (t, x, z)|/ρ * , where ρ * is the density and the angular brackets denote averaging. In these units u τ L = 1. The commonly used wall units based on τ * (t, x, z) and ν * are very close quantitatively, at least for moderate Re, when the fluctuations of the magnitude of large-scale motions are small.
The large-scale component of the wall friction τ L (t, x, z) is a vector. A local coordinate system with an axis along the direction of τ L (t, x, z) shown in figure 1 system x, y, z aligned with the mean flow direction are related by the formulae
Note that the angle θ between the large-scale friction direction and the mean friction direction is a "large-scale" parameter. The main relationships of the extended QSQH theory are
Even though (2.3-2.6) do not involve θ, the statistics of u, v, and w depend on the statistics of θ since it enters (2.1,2.2) . If u τ L and θ were independent of time then u τ L would be equal to 1, the averaged large-scale friction would be equal to the mean friction, our non-dimensional units would coincide with the wall units,ũ,ṽ,w would be the velocity components in wall units u + , v + , w + , andt,x,ỹ,z would be the time and coordinates in wall units t + , x + , y + , z + . Equations (2.3-2.6 ) are the QSQH theory refinement suggested, although not explicitly formulated, by Zhang & Chernyshenko (2016) . If only the magnitude of the wall friction but not its direction fluctuates, that is θ = 0, then (2.3) coincides with (5) in Chernyshenko et al. (2012) , and (2.4,2.5) are the assumptions implied by Agostini & Leschziner (2019b) .
Many applications of the QSQH theory require large scales to be defined. Zhang & Chernyshenko (2016) circumvented this by specifying only a few properties of the large-scale filter, L, that, applied to the total field, gives the large-scale component of this field. For completeness, we list these properties here. For any constants a and b and functions f (t, x, y, z) and g(t, x, y, z): (i) L(af + bg) = a L f + b L g (linearity), (ii) L f = f (invariance of averages: the averaged variables are large-scale), (iii) L L f = L f (projection property: the large-scale filter does not change an already large-scale-filtered function), (iv) L f = L f (commuting with averaging), and (v) scale-separation property: applying the large-scale filter to any function of t, x, y, z and other arguments that are large-scale-filtered variables is equivalent to averaging over the homogeneous directions and/or time t, x, and z with the other arguments held constant: L f (t, x, y, z, Lg 1 , . . . , L g n ) = f (t, x, y, z, ξ 1 , ..., ξ n ) ξ 1 =L g 1 ,...,ξ n =L g n .
The important fifth property expresses the reason why the QSQH theory might describe the scale interaction in near-wall turbulence. Property (v) will be satisfied to the extent to which the characteristic dimensions of the large scales are much larger than the characteristic dimensions of small scales. Since turbulent flows have a continuum spectrum, the largest small-scale motions cannot be much smaller than the smallest large-scale motions. Hence, for turbulent flows the QSQH theory is only approximate even as Re tends to infinity. The quality of its predictions depends on how well the large-scale filter used by the researcher satisfies the fifth property.
The full statement of the 3D QSQH theory consists of: relations (2.3-2.5), the assumptions that fort,x,ỹ, andz held constant, ũ(t,x,ỹ,z),ṽ(t,x,ỹ,z),w(t,x,ỹ,z) and (u τ L , θ) are statistically independent, and that, also fort,x,ỹ, andz held constant, the statistical properties of ũ(t,x,ỹ,z),ṽ(t,x,ỹ,z),w(t,x,ỹ,z) and (u τ L , θ) are independent of Re and other large-scale factors such as the steady pressure gradient or smooth wall curvature, and the five properties of the large-scale filter, of which (v) is particularly significant.
If only the statistics that are one-point in wall-parallel directions and time are considered, shifting the coordinate origin to the point and time of interest makes t = x = x θ = z = z θ = 0. Then with zero arguments omitted (2.1-2.5) reduce to
Further considerations in the present paper will refer to this case. Typical application of the QSQH theory involves expressing the flow statistics in terms of the statistics of the universal velocity (ũ,ṽ,w) and the statistics of u τ L and θ. The relevant techniques can be illustrated with the simple example of mean velocity. From (2.7), U (y) = u(y) = u τ L (ũ(yu τ L ) cos θ +w(yu τ L ) sin θ) . From the filter properties (ii) and (iv) it follows that f = L f for any f. Hence,
Finally, U (y) = u τ LŨ (yu τ L ) cos θ . For Re achievable so far in direct numerical simulations the amplitude of the fluctuation of large-scale motions is small. Constructing a truncated Taylor expansion in powers of θ and u τ L = u τ L − 1 or their statistical moments is fruitful, but requires a caution in determining the sufficient number of terms. For the mean velocity it gives
This completes a brief description of the theory including the properties of the filter and the ideas of the main techniques used in the applications. Now we will show that taking into account the fluctuations of the direction of large-scale friction makes a difference.
Dependence of mean velocity and second moments on Re

Sensitivity of mean velocity and the second moments to changes in Re
It is known but remained unexplained so far that both in absolute and in relative terms the variation of u 2 rms = u 2 and w 2 rms = w 2 with Re τ is much greater than Figure 2 . The DNS data for Re τ = 950, 2000 and 5200 showing that u 2 rms and w 2 rms vary with Re τ significantly more than U , v 2 rms and τ R = u v . The three curves for U overlap.
the variation of U (y), v 2 rms = v 2 , and the Reynolds stress τ R = u v (see figure 2 ). † Applying the same technique as used to derive (2.10) and using the natural assumption thatṼ (ỹ) = ṽ(ỹ) = 0 andW (ỹ) = w(ỹ) = 0 gives
,ṽ 2 rms (ỹ) = ṽ 2 ,w 2 rms (ỹ) = w 2 , and the universal
In the right-hand sides of (2.10) and (3.1-3.4) only u 2 τ L and θ 2 vary with Re. In (2.10), u 2 τ L and θ 2 are multiplied by a factor of the same order of magnitude as U (y) itself. Since variation of U (y) with Re is very small, the corresponding variation of u 2 τ L and θ 2 should also to be small. Indeed, for Re τ in the range being considered (between 950 and 5200), the amplitude of large-scale motions is small. For example, for the filter used in (Zhang & Chernyshenko 2016) , u 2 τ L = 0.004364 = 4.364 · 10 −3 for Re = 1000, and for the filter used in (Zhang 2019) u 2 τ L = 0.0031 for Re τ = 950 and u 2 τ L = 0.0064 for Re τ = 4200. This allows to conclude thatŨ (y) ≈ U (y), and by the order of magnitudẽ u 2 rms ∼ u 2 rms ,ṽ 2 rms ∼ v 2 rms ,w 2 rms ∼ w 2 rms , andτ R ∼ u v (y). Using this for estimating the terms in (2.10) and (3.1-3.4) shows that u 2 rms (y) and w 2 rms (y) stand out. In (3.1) u 2 τ L is multiplied by (dyŨ /dy) 2 and in (3.3) θ 2 is multiplied byŨ 2 . These factors are large. At y + = 40 for example, (dyŨ /dy) 2 ≈ 285, which is almost 50 times greater than u 2 rms ≈ 6, andŨ 2 ≈ 203, which is almost 85 times greater than w 2 rms ≈ 2.4. There are no such large terms in (2.10), (3.2), and (3.4). The term u 2 τ L (dyŨ /dy) 2 describes the combined † We used the direct numerical simulations (DNS) of a plane channel flow data available at the turbulence.oden.utexas.edu file server and were obtained in the calculations described in . For the analysis, we fitted the velocity average and its nonzero second moments with explicit expressions. The fit is described in the Supplement. action of the amplitude modulation and modulation of the wall-normal length scale of the universal mean profile, which is a QSQH mechanism described in (Chernyshenko et al. 2012; Zhang & Chernyshenko 2016) . The term θ 2 Ũ 2 describes the turning of the universal mean profile to follow the fluctuating direction of the large-scale wall friction. Such large terms are not present in the expressions for other quantities. This explains why u 2 rms and w 2 rms vary more with Re than U , w 2 rms and u v .
The profiles of the change in the second moments with Re
The precise values of u 2 τ L and θ 2 and the statistics of the universal velocity depend on the definition of the large-scale filter. Luckily, since u 2 τ L and θ 2 are small,Ũ is known quite accurately, and the second moments can be estimated approximately by takingũ 2 rms ≈ u 2 rms ,ṽ 2 rms ≈ v 2 rms ,w 2 rms ≈ w 2 rms , andτ R ≈ u v . Moreover, the dominance of the terms θ 2 Ũ 2 and u 2 τ L (dyŨ /dy) 2 allows to express the shape of the increase in u 2 rms and w 2 rms with Re as a function of the wall distance in terms of the shape of the mean velocity profile only.
Using (3.1-3.4), the increments of the second order moments between two values of Re can be expressed in terms of the increments of u 2 τ L and θ 2 as
8)
If the terms we identified to be small are dropped, this becomes
Without the filter being specified, ∆ u 2 τ L and ∆ θ 2 remain unknown. It is still possible to compare if not the magnitude but at least the shape of the curves of ∆u 2 rms (y) and ∆w 2 rms (y) with the QSQH prediction (3.9). For Re τ changing from 2000 to 5200 this prediction is shown in figure 3 with thick solid lines. For illustrative purpose we chose the values ∆ θ 2 = 0.0016 and ∆ u 2 τ L = 0.0025 †. (An alternative is to take a logarithmic derivative as in figure 12 of (Zhang & Chernyshenko 2016) , but this would not apply for other formulae here.) Overall, the deviation of the QSQH predictions for ∆u 2 rms and ∆w 2 rms is not large and is of the same order of magnitude as reported in most cases in (Zhang & Chernyshenko 2016) . This further confirms that near the wall the variation of u 2 rms and w 2 rms with Re is dominated by the QSQH mechanism. The values ∆ θ 2 = 0.0016 and ∆ u 2 τ L = 0.0025 can also be used in (3.6-3.8).
Predictions obtained with these values are shown in figure 3 with dashed lines. The small difference between the QSQH predictions for ∆u 2 rms and ∆w 2 rms obtained using (3.9) and (3.5,3.7) confirms that the terms dropped in (3.9) are small.
The QSQH predictions for ∆v 2 rms and ∆ u v deviate considerably, by an order of magnitude, from the DNS results. The almost linear behaviour of ∆ u v for y + > 20 suggests an explanation. It is well-known that the dependence of the total shear stress on the distance to the channel wall is linear and in wall units is equal to y + dp + /dx + = y + /Re τ , and that further away from the wall the Reynolds stress approaches the total stress. As Re τ changes, so does the pressure gradient. The corresponding change in the total stress, equal to ∆y + dp/dx = y + (1/5200 − 1/2000), is shown with a dotted line in figure 2 and fits the deviation between the QSQH prediction and DNS. Therefore, the deviation is due to the QSQH theory not taking into account the nonzero pressure gradient in a channel flow.
The effect of the fluctuations of the direction of large-scale skin friction on the conditional averages of spanwise velocity
For the channel flow at Re τ = 1000, Agostini & Leschziner (2019b) plotted (in different notation) the conditional averageŵ 2 
Unlike other parameters, the curves of w(ŷ, u τ L x ) for different values of u τ L x deviated from each other to a certain degree even quite close to the wall. If the fluctuations of the direction of the large-scale component of skin friction were negligible (that is if θ = 0),ŵ 2 would coincide withw 2 , and according the QSQH assumption, the curves should be independent of u τ L . There are three possible reasons for the deviation: neglecting the fluctuations of the large-scale component of the wall friction, the imperfection of the large-scale filter used, and the approximate nature of the QSQH hypothesis. We will consider first how taking into account that θ = 0 affects this issue. Agostini & Leschziner (2019b) mentioned that using for scaling the largescale friction velocity u τ L instead of its x-component does not make much difference. Conditionally averaging the square of (2.9) for fixed u τ L and using the filter properties and symmetry gives Therefore, w 2 /u 2 τ L u τ L varies with u τ L in proportion to the variation of sin 2 Θ u τ L .
SinceŨ 2 is greater than the other terms, (4.1) implies that the increment of w 2 /u 2 τ L u τ L as u τ L varies has the same sign for all values ofỹ. However, the shape of the curves of w 2 /u 2 τ L u τ L in figure 4(f) in (Agostini & Leschziner 2019b) shows that in fact this increment changes the sign at approximatelyỹ = 70. Hence, if the QSQH theory were expected to be valid forỹ ≈ y + > 70, accounting for the fluctuation of the direction of the large-scale wall friction would not explain the discrepancy. Forỹ < 70 taking into account the fluctuations of the large-scale friction direction might improve the collapse of the curves of w 2 /u 2 τ L u τ L provided that sin 2 Θ u τ L suitably increases with u τ L . The deviation from the QSQH theory might also be caused by the properties of the bi-dimensional EMD filter used in (Agostini & Leschziner 2019b) . Indeed, the EMD filter does not satisfy properties (i), (iii), and (iv) of the QSQH filter. This, for example, invalidates the application of (4.1) to the results of (Agostini & Leschziner 2019b) . On the other hand, the EMD filter can be expected to satisfy to a reasonable degree the property (v), since both the EMD and the conventional Fourier cut-off filter were found to be effective in separating the scales (Dogan et al. 2018) . A deeper analysis is complicated for the following reasons. The large-scale motions and the small-scale motions obtained using the bi-dimensional EMD filter are not guaranteed to satisfy continuity. Hence, there is an exchange of mass, momentum and energy between the large and small scales thus defined. Also, the small-scale motions defined using the EMD filter are not guaranteed to have zero average and appear to actually have a nonzero average (see figure 1(b) in (Agostini & Leschziner 2019b) ). As a result, even an intuitive reasoning about the results obtained using this filter is hard. We have to postpone further judgment until a thorough analysis of the above features of the bi-dimensional EMD filter becomes available.
It remains to consider the third explanation, namely, that the observed behaviour of w 2 (ŷ, u τ L x ) is caused by the approximate nature of the QSQH theory.
Approximate nature and applications of the QSQH theory
Approximate theories are ubiquitous. Their validity is often judged by comparing their predictions with known answers. Note that for any approximate theory it is easy to construct a comparison giving an arbitrary large relative error. Let y(x) be the unknown. Let the exact but unknown formula for it be y = f (x), and let the approximate formula be y = f a (x). Consider another unknown, z(x), defined as z = y − f a (x). For this second unknown the approximate theory gives the answer z = 0, the relative error of which is infinity. When numerous comparisons are made, a situation close to this artificial construction can occur by chance. For this reason, approximate theories should be judged by what they can predict rather than by what they cannot predict.
The comparisons in Section 3 clearly illustrate this point. Within the range of wall distances and Reynolds numbers we considered, the pressure gradient is a much weaker effect than the quasi-steady-quasi-homogeneous modulation of the near-wall turbulence by the large-scale structures. To see this one needs only to compare the scales of the three plots in figure 3 . However, if the fidelity of the QSQH theory was judged by the comparisons for the variation of u v , it could be erroneously rejected.
There are flow features that the QSQH theory does not predict by its very nature. Assuming that the universal velocity is statistically homogeneous in the wall-parallel directions and that it satisfies continuity and impermeability condition at the wall gives that the mean wall-normal universal velocityṼ = 0. Then, applying the large-scale filter to (2.4) , noticing that v = v θ , and using the filter properties gives that the large-scale component of the wall-normal velocity is zero: v L = u τ LṼ = 0. Within the QSQH theory, this is consistent. The theory is based on the assumption that the large scales are much larger than the small scales, and thus it effectively neglects the derivatives of largescale components in wall-parallel directions. Then from continuity and impermeability condition it indeed follows that v L = 0. On the other hand, in reality the wall-normal component of the velocity of the large-scale motions is nonzero. Another flow feature not accounted for by the QSQH theory is the three-dimensional structure of the large-scale motions. The large-scale motions enter the QSQH theory only through the wall friction, which is independent of wall-normal distance by definition. This list can be continued.
There are interesting questions concerning the QSQH hypothesis. Will its error tend to zero as Re → ∞ in spite of the smallest of the large scales remaining close to the largest of the small scales? Does the range of the distances from the wall where the QSQH theory applies extend as Re increases? At moderate Re the fluctuations of the large-scale motions are small on average, but there are rare large deviations. Is the QSQH theory applicable to these rare events? Answering these questions requires further studies.
The similarity between the classical universality hypothesis and the QSQH hypothesis suggests that these hypotheses should be used similarly. The classical hypothesis describes a well-known dominant feature of near-wall turbulent flows. This feature can obscure other physics, unless the wall units are used. Similarly, the QSQH hypothesis describes a dominant feature of the effect of large-scale motions on the near-wall turbulence. Similarly, the QSQH mechanisms can obscure other mechanisms, unless the appropriate QSQH units, corresponding to the 'tilde' variablest,x,ỹ,z,ũ,ṽ,w, introduced by (2.3-2.6), are used. For this reason, the use of these variables is preferable in studies of the effect of large-scale motion on near-wall turbulence. A very welcome step towards using the QSQH variables is the study by Agostini & Leschziner (2019b) , a part of which we discussed in Section 4. Even though this work did not account for the fluctuation of the direction of the wall friction, it provided extensive direct evidence that using the QSQH variables leads to a better collapse of data than the use of variables in wall units. It is also the first work where the QSQH variables are used for studying non-QSQH effects.
Conclusions
The extension of the QSQH theory proposed in the present paper takes into account the fluctuations of the large-scale component of the wall friction. It describes the effect of large-scale motions on all three components of the velocity of near-wall turbulent flows. The extended theory explains the large sensitivity of the magnitudes u rms and w rms of the fluctuations of longitudinal and spanwise velocities to Reynolds number in comparison with the sensitivity of the mean velocity profile, the Reynolds stress, and the magnitude of the fluctuations of the wall-normal velocity. It is shown that the variation of u rms with Re is largely caused by the variation of the amplitude and wall-normal-scale modulation by the outer, large-scale, Re-dependent motions, while the variation of w rms is largely caused by the fluctuations of the direction of the large-scale, Re-dependent, component of the wall friction. The Re dependence of the other second moments is not dominated by these mechanisms because the mean universal wall-normal velocity is zero. In particular, the effect of the variation of the mean pressure gradient with Re is stronger than the QSQH mechanisms as far as the variation of the Reynolds stress with Re is concerned. The analysis of the quality of the QSQH approximate nature suggests that it is beneficial to use the units and variables of the QSQH theory instead of the wall units in studies of flows where the effect of large-scale motions on the near-wall turbulence is relevant. 
